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X k . X r
Xr , Xr Z[Xr] r
, Zr(X) . X r Chow CHr(X) :
CHr(X) := Zr(X)/Zr(X)rat.
Zr(X)rat r+1 r
, Zr(X)rat 0 r
. Chow :
CHr(X) := CHdim(X)−r(X).
r Chow . :
(1)
, .
(Chow [Ch], Fulton [Fu1], [Fu2])
(2) 1 Chow CH1(X) , Picard Pic(X)
. X k , X Picard Pic0X





2010年度   pp.28-39
(3) k , CH1(X) . (Ne´ron-Severi
Mordell-Weil )
1973 (3) , .
1 (Bass [Ba]) k , CHr(X) r .
X (:= k ), dim(X) ≥ 2 X(k) 6= ∅ .
0 0 CH0(X) A0(X) , Albanese
:
albX : A0(X) −→ AlbX(k) (AlbX Albanese ).
k , , 1 albX
T(X) := Ker(albX)
. k ,
. , . X pg
κX .
(4) k = C, dim(X) = 2 pg > 0 T(X)
() (Mumford [Mu], 1968 ).
(5) k = C, dim(X) = 2, pg = 0 κX ≤ 1 T(X) = 0 (Bloch-Kas-
Lieberman [BKL], 1976 ).
(6) k T(X) (Kato-Saito [KS], 1983 ).
1985 Beilinson .
2 (Beilinson [Be]) k , T(X) .
1 2 , k T(X)
, .
(7) k , dim(X) = 2 , k ↪→ C T(XC) = 0
T(X) (Colliot-The´le`ne–Raskind [CTR], 1991 ).
k p (Qp ) T(X) .
, 1990 .




(8) k p , dim(X) = 2 , k ↪→ C T(XC) = 0
T(X) (Colliot-The´le`ne–Raskind [CTR], 1991 ).
3 1 . p M
, M p0 , p n M ⊗ Z/n = 0
. M , n M → M
n .
1 ( [SS2]) X p k , X(k) 6= ∅




X , Raskind, Spiess [RS] [Y] p
A0(X) .
. .
• F F .
• . X
(small e´tale site) Xe´t .
• X n , 1 n Xe´t µn
.
2 1
p k o , o F . o Z
Zs := Z ⊗o F
. de Jong alteration [dJ] Chow
, 1 X (semistable reduction)
. , (N) X
X 1 :
1Mattuck [Ma] , AlbX(k) Zp
p′ . T(X) 1 A0(X) 1
([SS1] 2.3.2 (3) ). , X(k) 6= ∅ , A0(X)
p′ ( 1 ).
3
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(N) X o , Xs
(Xs)red X .
1 .
2 ( [SS2]) X (N) o , ` p
. X
clX,`n : CH1(X )/`
n −→ H2d(X , µ⊗d`n ) (n ≥ 1)
. d X → Spec(o) .
Gabber [FG]
. X d + 1 , CH1(X ) = CH
d(X )
. 2 , 2 1 2
:
3 ([SS2] Theorem 4.2) X (N) o .
(1) (N+) Y ⊂X :
(N+) Y (N) , Y ∪ (Xs)red X .
(2) ((1) ) Y1, Y2, . . . , Yr (Xs)red . 1 ≤ a ≤ d
1 ≤ i1 < · · · < ia ≤ r (a, i1, . . . , ia)
Yi1,...,ia := Yi1 ∩ · · · ∩ Yia
. W ⊂X .
(i) W W1, . . . ,Wm () .
(ii) 1 ≤ a ≤ d, 1 ≤ i1 < · · · < ia ≤ r 1 ≤ ν ≤ m
(a, i1, . . . , ia, ν) , Wν 6⊂ Yi1,...,ia Wν ×X Yi1,...,ia
, dim(Wν ×X Yi1,...,ia) < 12dim(Yi1,...,ia) .
(iii) 1 ≤ a ≤ d, 1 ≤ i1 < · · · < ia ≤ r 1 ≤ ν ≤ m
(a, i1, . . . , ia, ν) , Wν ⊂ Yi1,...,ia dim(Wν) < 12dim(Yi1,...,ia)
.
W , (N+) Y ⊂X .
4 ([SS2] Theorem 3.2) X (N) o , Y ⊂ X
(N+) . ` o .
4
-31-
(1) q ≥ d+ 2 Hq(X r Y , µ⊗d`n ) = 0 .
(2) Hd+1(X r Y ,Q`/Z`(d)) = 0 .
5 Artin-Gabber Lefschetz ([FG] §5) , o d
U q ≥ d+ 3
Hq(U , µ⊗d`n ) = 0
, 4 (N+)
.
‘ 2 ⇒ 1’ . X 1 , X (N) o
X . 2 :
(†) A0(X) ⊗̂Z` := lim←− n≥1 A0(X)/`
n
, ` 6= p ,
` 6= p .
:
(†′) CH0(X) ⊗̂Z` := lim←− n≥1 CH0(X)/`
n
, ` 6= p Z`
, ` 6= p Z` .
1 (†) ([JS] Lemma 7.7 ) .
(†) (†0) . (†′) d = dim(X) ≥ 1 .
d = 1 , X Jacobi JacX , (†) A0(X) ' JacX(k)
Mattuck [Ma] ( (†′) ).
d ≥ 2 , (N) X o X 1 .
3 (1) , (N+) Y ⊂X . Y := Y ⊗o k











pull-back // // CH0(X)/`
n
2 , i∗ d









H2d−2(Y , µ⊗d−1`n )
ι∗ // H2d(X , µ⊗d`n ) // H




, 4 (1) 0
(d ≥ 2 ). ι∗ , ι∗ .
, 2 (†) (†′) ( 1 ). ¤
2 .
2 . clX,`n (†′) ( 3 (1)
4 (1) ) d = 1 . d = 1 Brauer
Artin Hasse clX,`n
([SS2] §5 ).
clX,`n . clX,`n n ≥ 1
clX,`∞ : CH1(X )⊗Q`/Z` −→ H2d(X ,Q`/Z`(d))
. clX,`n 3 :
Step 1. d = 2 clX,`∞ .
Step 2. d = 2 clX,`n .
Step 3. d ≥ 3 clX,`n .
Step 1 Step 2 . Step 3 Step 1
([SS2] §8 ).
Step 1. CH1(X ) ⊗Q`/Z` α =
∑r
i=1 [Ci] ⊗ λi , clX,`∞(α) = 0
. Ci X 1 , λi Q`/Z`
. , ‘ ’
:
(?) Ci , 3 (N+) Y ⊂ X
.
ι : Y ↪→X , :






H3(X r Y ,Q`/Z`(2)) // H2(Y ,Q`/Z`(1))
ι∗ // H4(X ,Q`/Z`(2)) (exact).




4 (1) 0 . ι∗ , Y Ci
, α
α = ι∗(β) (β ∈ CH1(Y )⊗Q`/Z`)
. clX,`∞(α) = 0 β = 0 , α = 0
. (?) α = 0 .
(?) α = 0 , .
([SS2] §7 ) Ci o . Ci
X ′ =Xm −→Xm−1 −→ · · · −→X1 −→X0 =X
. (N) .




[C˜i]⊗ λi ∈ CH1(X ′)⊗Q`/Z`
. 3 (2) C˜i , (N+)
Y ⊂ X ′ . E1, E2, . . . , Eb (X ′s )red
(Xs)red , Wj := Ej ∩ Y . dim(X ′) = 3
, W1,W2, . . . ,Wb Y 1 .




[Wj]⊗ λ′j ∈ CH1(X ′)⊗Q`/Z` (λ′j ∈ Q`/Z`)
,
α = pi∗(α′) = 0 (pi :X ′ →X )
( [SS2] §8 ). Step 1 .
Step 2. 3 (1) (N+) Y ⊂ X ,
:
CH1(Y )⊗Q`/Z` ι∗ //
clY,`∞ o

CH1(X )⊗Q`/Z` // _
clX,`∞










, clX,`∞ 1 , clX rY,`∞ .
, 4 (1) H4(X rY ,Q`/Z`(2)) = 0 , clX rY,`∞
CH2(X r Y )⊗Q`/Z` = 0 (2.1)
. :
6 ([SS2] Lemma 8.7) Z , , ` Z
. :
H3(Z, µ⊗2`n ) −→ U(Z, `n) −→ CH2(Z)/`n
clZ,`n−→ H4(Z, µ⊗2`n ).
U(Z, `n) Z :
U(Z, `n) := Ker
(






η Z , ∂ .
6 (U(Z, `∞) := lim−→ n≥1 U(Z, `
n)):
H3(X r Y ,Q`/Z`(2)) −→ U(X r Y , `∞) −→ CH2(X r Y )⊗Q`/Z`.
4 (2) 0 , (2.1) 0
U(X r Y , `∞) = 0,
U(X , `∞) ⊂ U(X r Y , `∞) = 0,
U(X , `∞) = 0 . Merkur’ev-Suslin [MS]
U(X , `n) ⊂ U(X , `∞) ([SS2] Lemma 8.8)




2 2 . 2 [AS]
. k, o,F .
8
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7 X o ,
X :=X ⊗o k, Y :=X ⊗o F
































• j∗ . ( )
• i∗ . (proper base-change theorem)
• j∗ . ( k )
• clY,`n . ( [KS])
• clX,`n . ( 2)
. ¤
8 X ⊂ PNk k (complete intersection variety) ,
dim(X) ≥ 2 X k (good reduction) .
` 6= p A0(X) ` .
. ` 6= p , Y/F X . 7
CH0(X)/` ' CH0(Y )/`
, CH0(Y )/` ' Z/` . [KS]
H1(Y ,Z/`) = 0 (Y := Y ⊗F F)
9
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. proper smooth base-change theorem
H1(Y ,Z/`) ' H1(X,Z/`) (X := X ⊗k k)
, X 0 , . ¤
9 8 X good reduction . ,
[CTS] p 6= 3 , A0(X) ' Z/3 (Z/3)⊕2
p k 3 X ⊂ P3k , X good
reduction . [SS3] p = 3
.
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